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1. Introduction 
There are many occurences in nature which involve the flow of two immiscible liquids, of 
different densities, through a porous medium. Such occurences are often encountered in ground 
water hydrology and oil reservoir engineering. In particular, some problems of this nature which 
are of considerable practical interest include the controlling of seawater intrusion into fresh 
ground water [l] and water upconing in oil production technology [3]. 
When considering a system with two homogeneous liquids occupying a statistically isotropic 
porous medium we can, as in the case of a single liquid, take Darcy’s law as the basis of the 
analysis [3]. This type of problem involves two regions-in each there is a liquid flowing which is 
governed by a velocity potential, and the two liquids are always in contact at an interface. At this 
interface there is a continuity of pressure and normal velocities, and in the interior of the regions, 
separated by the interface, the potential functions are different because of the difference between 
the liquids. 
The problem of an unsteady interface between two liquids of different densities, which is 
difficult to solve due to the nonlinear nature of the boundary conditions along the interface is 
outlined and discussed by Polubarinova-Kochina [4]. A perturbation approach has been success- 
fully used by Dagan and Bear [2] to determine the shape of a rising interface in connection with 
the withdrawal of fresh water by shallow wells operating a short distance above the freshwater- 
saltwater interface in a coastal aquifer. 
In this paper we present a numerical procedure for calculating the motion of such an interface. 
The procedure is based on two coordinate transformations which transform the irregularly 
shaped flow domains into rectangular domains and which replace the moving interface by a 
stationary boundary. This type of transformation has been applied previously to the case of a 
single liquid with a free surface in a porous medium, see [5]. 
2. Formulation 
We consider the sharp interface between two immiscible liquids in a fully saturated porous 
medium. The two liquids which are denoted by subscripts 1 and 2, have the same viscosity but 
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Fig. 1. Aquifer configuration. 
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different densities p1 and p2 with p2 > pl. Let R, and R, be the domains occupied by the 
liquids, see Fig. 1. We shall suppose that Darcy’s law holds, so 
ur = v# and u,=vc#$ (1) 
where the velocity potentials are defined by 
in RI, in R,, 
where 
p,, p2 = pressure, 
k = absolute permeability, 
g = gravitational attraction, 
v = kinematic viscosity, 
yl, y2 = specific weights. 
The continuity equations are 
v * 241 = 0, v*u,=o, (3) 
so we see that @: and $$ are given by Laplace’s equation. 
We now define nondimensional variables by 
x =x*/II, y = y*/D, t = (kg/vD)t* 
c#+= (v/kg)@:, i= 1,2 
where 20 is the height of the aquifer, see Fig. 1. Then (PI and e2 are given by 
V2& = 0 in R,, v2G2=0 in R,. (hb) 
We suppose that the top and bottom of the aquifer, given by y = 0 and 2, are impermeable so 
that the normal velocities are zero. Hence we have 
&#~/ay = 0 at y = 2, &$2/ay -0 at y=O. (5a,b) 
We shall suppose that all functions are symmetric about x = 0 and that the vertical boundary 
at 
x=L*/D=L 
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is impermeable. Thus we have the boundary conditions 
a&/ax=0 at x=0, &, &/ax=0 at x=0, L. 
Let the interface between the two liquids be given by 
y=h(x, t). 
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(60) 
At this interface the pressure and normal velocities must be continuous, i.e. 
Pl =p2, it*u, =A*u,, 
where 2 is the normal to the interface. We can show that these two conditions can be written in 
the form 
ah a+, a+, ah a+, a92 
wh-Y2+2=W, ----=zx---, ax ax ay ay 
at y = h( x, t) where 
AY=Y~-Y,. 
The position of the interface is given by the kinematic equation 
ah ah ah a+, a+, ah a+, 
x=ay--- ax ax = 3jJ- --- ax ax 
(70) 
(8) 
where the derivatives of #i and G2 are all evaluated at y = h( x, t). Since the flow is symmetric 
about x = 0 we have the following boundary conditions on h 
h,(O, t) = 0. (9) 
The notion of a sharp interface between the two liquids is, of course, a mathematical 
idealization. In reality there will be a mixed region separating the two liquids of varying density. 
However, in most practical cases the width of this region is very small compared to the total 
vertical extent of the flow domain. Thus we are justified in postulating a sharp interface. 
3. Numerical procedure 
The procedure consists of three parts: 
(1) The solution of the potential problems for +i and +2 given the shape of the interface 
h(x, t) and values of either C#Q or & so that the boundary conditions (7a) can be applied, 
see section 3.1. 
(2) The solution of the time-dependent equation (8) for h(x, t) given the derivatives of either 
+i or C#J~ at y = h(x, t), see section 3.2. 
(3) An iterative procedure which uses parts (1) and (2) to produce a solution for the complete 
problem, see section 3.3. 
We shall now describe each part of the procedure in turn. 
3.1. The potential problem 
Let us suppose that we know +i and h. Then the boundary value problem for C#Q is
V2& = 0, 
aG2/ay=o at y= 0, a+2/ax=o, x=o, L, 
+2 = (Y~/Y&Q + (Ay/yJh at y = hb, d. 
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Since we suppose that +r and h are known, we have a mixed boundary value problem for +*. 
The only difficulty is that the domain is in general irregular since y = h( x, t) is not a straight 
line parallel to y = 0. The way to overcome this difficulty is to transform the irregular domain. 
O,cX<L, O<y<h 
into a rectangular domain by a coordinate transformation. Since this procedure has been 
presented in detail in [5], we shall only outline it here. 
There are numerical advantages in expressing the potential problem as a variational problem. 
We can show that & is the function which minimizes the variational integral 
J[+2] = j-,‘(““‘[i g)2 + (%)‘I dx dy, 
and satisfies the appropriate boundary conditions. 
We now define new coordinates by 
5=x, 11 =y/h(x, t). 
It is clear that the original domain is thus transformed into the rectangular domain 
0<71<1, O<(<L. 
The transformed functional is 
where 
A=+:+$)> B = hqx, C=h, 
77, = - (h,/hb, qy = (l/h). 
We define a finite difference mesh in the (E, 77) coordinate system by 
ii+1 = 6i + A5i 7 qj+l=qj+Aqj. 
We use the trapezoidal rule to approximate the double integral in (11). The resulting finite 
dimensional variational problem is then minimized directly and the resulting difference equa- 
tions are solved by a line SOR as discussed in [5]. The procedure is terminated when the absolute 
difference between two consecutive iterates is less that a prescribed tolerance E. In our 
subsequent discussion we shall refer to this procedure as P.+. 
The procedure for solving for +i is, of course, similar. 
3.2. The interface equation 
The time development of h( x, t) is given by (8) in the transformed (5, 17) coordinate system is 
l+h: a92 a+* 
h,=h- 
377 - h,,5 
02) 
where the derivatives of G2 are evaluated at 17 = 1. We now suppose that G2 is known so that (12) 
is a first order partial differential equation with variable coefficients for h([, t). 
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We now let t = p At and write 
h,+ = h(5,, P At>. 
Let h, be the vector with components 
procedure 
h I,p. Then the solution of (12) is obtained from the 
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hY,p+l = hl,, + At [ F’( h,)] ,
h y,;J1 = (1 - 4h;,,+l + w(h,,, + tAt[ J”(h,) + F’(h;+~)]), 
where 
h ,+1,p - #h,-I,, - (1 - tV)hL, 
P&r + 4-A 
h 
+ 
/+1,p - Pl%l,, - (1 - PI%,, a+, , 
P,(& + 4-A ag ?=,’ 
w = relaxation parameter, P, = At/A&-, , 
This is a generalized Crank-Nicolson procedure. 
This iterative procedure is terminated when 
maxIV$i -hY,,+i I -C-T 
where 7 is a prescribed tolerance. 
In our subsequent discussion we shall refer to this procedure as P,,. 
3.3. The main iterative process 
We shall now describe how the two procedures P+ and Ph can be used to produce a numerical 
solution to the complete problem. 
Let us suppose that we know 4,, 42 and h after n time steps. We first calculate <p2 at 
t = (n + 1) At, denoted by 4;+l, 
we calculate h”+ ’ 
by applying P+ using 4: and h”. When we have obtained 4z+l, 
using Ph. This procedure is repeated until 4;” and h”+’ have converged. We 
now calculate 4f;+i and another approximation to h”+‘, denoted by En+*, using 47”. When we 
have obtained convergence in this iterative loop, we compare the two estimates for h”+‘, h”+l 
from the calculation of 42 and h”+’ from the calculation of 4i. If the condition 
max 1 An+l - h”+’ ( < 6 (13) 
where 8 is a prescribed tolerance is met, we have obtained a sufficiently accurate solution for 
n+l 
41 ~42 n+l and h”+l. If it is not satisfied, we repeat the calculations using h”+’ and h”+’ as 
starting values. Typically we required about 30 iterations to get satisfactory solutions for 41 and 
42, and only a couple of iterations to get &“+l and h”+‘. Usually condition (13) was satisfied 
after one or two iterations. The computational parameters for these results were 
6 = 10-5, 7 = 1o-4 9 6 = 10-3. 
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4. Numerical results 
The numerical procedure desk-ibed in the previous section was applied to three different 
problems: 
(1) gravity motion of the interface, see section 4.1; 
(2) upconing of the interface due to pumping from within R,, see section 4.2; 
(3) downdraw of the interface due to pumping from within R,, see section 4.3. 
4.1. Gravity motion 
In this case the initial interface h( x, 0) is some given function of X; in particular we consider 
in detail 
h(x, 0) = f[exp(-x2) + l]. 
The action of gravity will redistribute the fluid so that 
lim h,(x, t) = 0. 
t-m 
In the calculations we used a nonuniform grid in the 11 direction given by 
Aqj = 0.05, i = 10, 11, Aqi=O.l, i=l,2 ,.... 
In the horizontal direction we used A[ = 0.1. The time step was 0.02; a change to 0.01 resulted in 
no change in the results to four figures. Reducing the space grid sizes had no effect. 
Some representative results are given in Table 1 and Fig. 2. 
The area under the interface was calculated and it stayed constant. Since the liquid is 
incompressible, this indicates that mass was conserved. 
4.2. Upconing 
Upconing is due to the removal of fluid from R, by placing a pump at some point within R,. 
It is then necessary to replace the no flow boundary condition at x = L by a zero vertical flow 
condition so that the continuity equation is not violated. 
The pump in R, is modelled by 
a+, 
-I ( 36 c_rJ = 
0.5, 0.6 < Gj < 0.7, 
0, elsewhere, 
Table 1 
Gravity movement, h(x, 0) = :[emXz+ 11, pl= 0.95, ~2 =l.OO, h(x, t) 
C X 
0.0 1.0 2.0 3.0 
0 1.000 0.684 0.509 0.500 
1.0 0.882 0.695 0.535 0.513 
2.0 0.865 0.690 0.535 0.517 
3.0 0.855 0.687 0.536 0.517 
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Fig. 2. Time evolution of interface due to gravity. 
where 4 is the transformed vertical coordinate in R,. The computational parameters remain the 
same. 
Some results are presented in Table 2 and Fig. 3. Changing pi to 0.95 did not change the 
results much. 
4.3. Downdraw 
We finally consider the problem of downdraw due to a well. In this case a pump is placed in 
the lower subregion R, causing a downward displacement of the interface. The pump in R, is 
modelled by 
1, 0 < ?J < 0.1, 
0, elsewhere. 
Table 2 
Upconing starting with h(x, 0) =l.O, p1 = 0.9, ~2 ~1.0, h(x, 1) 
t X 
0.0 1.0 2.0 3.0 
0 1.000 1.000 1.000 1.000 
1.0 1.051 0.966 0.994 0.996 
2.0 1.112 0.999 0.984 0.990 
3.0 1.174 1.005 0.984 0.980 
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Fig. 3. Upconing due to a pump in the upper subregion. Fig. 4. Downdraw due to a pump in the lower subregion. 
Table 3 
Downdraw starting with h(x, 0) = 1.0, p1 = 0.9, ~2 = 1.0, h(x, t) 
t X 
0.0 1.0 2.0 
0 l.ooo 1.000 1.000 
1.0 0.924 0.963 0.986 
2.0 0.860 0.934 0.971 
3.0 0.800 0.909 0.958 
Again the boundary condition at x = L is changed to a zero vertical flow condition. Some 
representative results are given in Table 3 and Fig. 4 
All the calculations were carried out on a Cyber 170-835 computer located at the computing 
centre at University of Western Ontario. 
5. Discussion 
We have not been able to find other numerical treatment of this type of problem from which 
we could obtain numerical results that could be used to check the accuracy of the results 
presented in this paper. Thus our arguments for the correctness of our results are indirect. 
We have shown in [5] that the coordinate transformation method gives correct results for the 
simpler case where there is only one fluid with a free surface. In that paper we presented results 
obtained by several different methods, and they were all in agreement. This indicates that the 
basic method is correct. 
Secondly, the mass is conserved as shown by the integration of the area under the curve. This, 
of course, is only a necessary condition and not a sufficient condition for the validity of the 
procedure. 
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Finally the interface profiles we have obtained are in general agreement with those obtained 
by Dagan and Bear [2] who used a perturbation method. 
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